Abstract. We present an approach to the Kervaire-invariant-one problem. The notion of the geometric (Z/2 ⊕ Z/2)-control of self-intersection of a skew-framed immersion and the notion of the (Z/2 ⊕ Z/4)-structure on the self-intersection manifold of a D4-framed immersion are introduced. It is shown that a skew-framed immersion f : M → RP ∞ is the characteristic class of the skew-framing of f . Using the notion of (Z/2 ⊕ Z/2)-control, we prove that for a sufficiently large n, n = 2 l − 2, an arbitrarily immersed D4-framed manifold admits in the regular cobordism class (modulo odd torsion) an immersion with a (Z/2 ⊕ Z/4)-structure.
Self-Intersections of Immersions and Kervaire Invariants
The Kervaire-invariant-one problem is an open problem in algebraic topology (for details, see [4, 7] ). We consider an approach to a solution of this problem based on results of P. J. Eccles (see [8] ). For a geometrical approach, see also [5, 6] .
Let f : M n−1 R n , n = 2 l − 2, l > 1, be a smooth (generic) immersion of codimension 1. Let us denote by g : N n−2 R n the immersion of a self-intersection manifold. This is an invariant of the regular cobordism classes of immersions f . This means that the Kervaire invariant is a well-defined homomorphism Θ : Imm sf (n − 1, 1) → Z/2.
The normal bundle ν(g) of the immersion g : N n−2 R n is a 2-dimensional bundle over N n−2 equipped with a D 4 -framing. The classifying mapping η : N n−2 → K(D 4 , 1) of this bundle is well defined. The D 4 -structure of the normal bundle or the D 4 -framing is the prescribed reduction of the structure group of the normal bundle of the immersion g to the group D 4 corresponding to the mapping η. The pair (g, η) represents an element in the cobordism group Imm D 4 (n − 2, 2). The homomorphism
is well defined. Let us recall that the cobordism group Imm sf (n − k, k) generalizes the group Imm sf (n − 1, 1). This group is defined as the cobordism group of triples (f, Ξ, κ), where f : M n−k R n is an immersion with the prescribed isomorphism Ξ : ν(g) = kκ called a skew-framing, ν(f ) is the normal bundle of f , and κ is the given line bundle over M m−k with the characteristic class w 1 (κ) ∈ H 1 (M m−k ; Z/2). The cobordism relation of triples is standard. The generalization of the group Imm D 4 (n − 2, 2) is as follows. Let us define the cobordism groups Imm D 4 (n−2k, 2k). This group Imm D 4 (n−2k, 2k) is represented by triples (g, Ξ, η), where g : N n−2k R n is an immersion and Ξ is a dihedral k-framing, i.e., the prescribed isomorphism Ξ : ν g = kη, where η is a 2-dimensional bundle over N n−2k . The characteristic mapping of the bundle η is also denoted by η : N n−2k → K(D 4 , 1) (a similar convention will be used). The mapping η is the characteristic mapping for the bundle ν g since ν g = kη.
Obviously, the Kervaire homomorphism (1) is defined as the composition of homomorphism (2) The Kervaire homomorphisms are defined in a more general situation by a straightforward generalization of homomorphisms (1) and (3): 
Imm sf (n − k, k)
is commutative. Let (g, Ξ, η) be a D 4 -framed (generic) immersion in codimension 2k. Let h : L n−4k R n be the immersion of the self-intersection (double-point) manifold of g. The normal bundle ν h of the immersion h is decomposed into the direct sum of k isomorphic copies of the 4-dimensional bundle ζ with the structure group Z/2 D 4 . This decomposition is given by the isomorphism Ψ : ν h = kζ. The bundle ν h itself is classified by the mapping ζ : L n−4k → K Z/2 D 4 , 1 .
All the triples (h, ζ, Ψ) described above (we do not assume that a triple is realized as the double-point manifold for a D 4 -framed immersion) up to the standard cobordism relation form the cobordism group Imm Z/2 D 4 (n − 4k, 4k). The self-intersection of an arbitrary D 4 -framed immersion is a Z/2 D 4 -framed immersed manifold and the cobordism class of this manifold well defines the natural homomorphism (h, Ψ, ζ) = w 2 (η)
This new invariant is a homomorphism Θ k
Let us formulate the main results of the paper. In Sec. 2, the notion of (Z/2⊕Z/2)-control (I b -control) on self-intersection of a skew-framed immersion is considered. Theorem 1 (for the proof see Sec. 3) shows that under a natural restriction of dimensions, the property of I b -control holds for an immersion in the regular cobordism class modulo odd torsion.
In Sec. 4, we formulate the notion of (Z/2 ⊕ Z/4)-structure of (Z/2 ⊕ Z/2)-controlled immersion. In Sec. 5 (Theorem 2), we prove, under a natural restriction of dimension, that an arbitrary (Z/2⊕Z/2)-controlled immersion admits in the regular homotopy class an immersion with (Z/2 ⊕ Z/4)-structure of self-intersection. For such an immersion, the Kervaire invariant is expressed in terms of (Z/2 ⊕ Z/4)-characteristic numbers of the self-intersection manifold.
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Geometric Control of Double Self-Intersection Manifolds of Skew-Framed Immersions
In the following two sections, by Imm
, etc., we will denote not the cobordism groups itself, but the 2-components of this group. In the case where the first argument is strictly positive, all the groups are finite 2-groups.
Recall that the dihedral group D 4 is given by the co-representation {a,
This group is the subgroup of the group O(2), i.e., the transformation group of the standard plane with the base {f 1 , f 2 }. The element a corresponds to the rotation of the plane by the angle π 2 . The element b corresponds to the reflection of the plane with respect to the axis given by the vector
be the subgroup generated by the elements {a 2 , b}. The cohomology group H 1 (K(I b , 1); Z/2) is the elementary 2-group with two generators. The first (second) generator of this group detects the reflection of the second (first) coordinate axis, respectively. The generators of the cohomology group will be denoted by τ 1 and τ 2 , respectively.
Definition 3.
We say that a skew-framed immersion (f, Ξ), f : M n−k R n , has a self-intersection of the type I b if the double-point manifold N n−2k of f is a D 4 -framed manifold that admits a reduction of the structure group D 4 of the normal bundle to the subgroup I b ⊂ D 4 .
Let us state the following conjecture.
Conjecture.
For an arbitrary q > 0, q = 2 (mod 4), there exists a positive integer l 0 = l 0 (q) such that for an arbitrary n = 2 l − 2, l > l 0 , an arbitrary element a ∈ Imm sf ( 3n+q 4 , n−q 4 ) is stably regular cobordant to a stably skew-framed immersion with I b -type of self-intersection (for the definition of stable framing, see [9] ; for that of stable skew-framing, see [1, 2] ).
Let us state and prove a weaker result toward the conjecture. We start with the following definition.
Ker ω (n − 4k, 4k) be the transfer homomorphism induced by ω. Let P be a polyhedron dim(P ) < 2k − 1, Q ⊂ P be a subpolyhedron, dim(Q) = dim(P ) − 1, and let P ⊂ R n be an embedding. Let us denote by U P the regular neighborhood of P ⊂ R n of radius r P and by U Q the regular neighborhood of Q ⊂ R n of radius r Q , r Q > r P . Let
The boundary ∂U P of the neighborhood U P is a codimension-one submanifold in R n . This manifold ∂U P is the union of two manifolds with boundaries V Q ∪ ∂ V P , V Q = U Q ∩ ∂U P , and V P = ∂U P \ U Q along the common boundary ∂V Q = ∂V P .
Assume that two cohomological classes τ Q,1 ∈ H 1 (Q; Z/2) and τ Q,2 ∈ H 1 (Q; Z/2) are given. The projection U Q → Q determines the cohomological classes τ U Q ,1 , τ U Q ,2 ∈ H 1 (U Q ; Z/2) as the images of the classes τ Q,1 and τ Q,2 , respectively. 
; Z/2) of the structure group of the I b -framing by the immersion g| N
(2) the restriction of the immersion g on the submanifold N
Ker ω (n − 4k, 4k) in the image of the homomorphism
We say that the pair (M n−k , κ) admits a retraction of order q if the mapping κ : 
Proof of Theorem 1
Denote n − k − q − 1 = 3k − 1 by s. Let d : RP s → R n be a generic mapping. We denote the self-intersection points of d (in the target space) by ∆(d) and the singular points of d by Σ(d).
Recall a classification of singular points of generic mappings RP s → R n in the case 4s < 3n. In this range, generic mappings have no quadruple points. Recall the global classification of singularities of generic mappings in this range (for details, see [11] ). Singular points (in the target space) are of the following two types:
-a closed manifold Σ 1,1,0 ; -a singular manifold Σ 1,0 (with singularities of the type Σ 1,1,0 ). Multiple points are of multiplicities 2 and 3. Triple points form a manifold with boundary and with corners on the boundary. These "corner" singular points on the boundary of the triple-point manifold coincide with the manifold Σ 1,1,0 . The regular part of boundary of triple points is a submanifold in Σ 1,0 .
Double self-intersection points form a singular submanifold with boundary Σ 1,0 . This submanifold is not generic. After an arbitrary small alternation, the double-point manifold becomes a submanifold in R n with boundary and with corners on the boundary of the type Σ 1,1,0 .
Let U Σ be a small regular neighborhood of radius ε 1 of the singular submanifold Σ 1,0 . Let U ∆ be a small regular neighborhood of the same radius of the submanifold ∆(d) (this submanifold is immersed with singularities on the boundary). The inclusion U Σ ⊂ U ∆ is well defined.
Consider a regular submanifold in ∆ obtained by cutting a small regular neighborhood of the boundary. This immersed manifold with boundary is denoted by ∆ reg . The (immersed) boundary ∂∆ reg is denoted by Σ reg . We consider the pair of regular neighborhoods
, be a skew-framed immersion in the cobordism class α. We construct an immersion f : M n−k R n in the regular homotopy class of f 0 as follows. Let κ 0 : M n−k → RP s be a retraction of order q. Let f : M R n be an immersion in the regular homotopy class of f 0 under the condition dist(d • κ 0 , f 0 ) < ε 3 . The diameter ε 3 of the approximation is given by the inequality ε 3 ε 2 . Let g 1 : N n−2k R n be the immersion parameterizing the double points of f . The immersion g 1 is not generic. After a small perturbation of the immersion g 1 with the diameter ε 3 , we obtain a generic immersion
ext ) is defined as the intersection of the immersed submanifold g 2 (N n−2k ) with the complement
) is an immersed submanifold in ∂U reg ∆ . By the construction, the structure group D 4 of the normal bundle of the immersed manifold
Denote by L n−4k the self-intersection manifold of the immersion g 2 . This manifold is embedded into R n by h : L n−4k ⊂ R n . The normal bundle of this embedding h is equipped by a Z/2 D 4 -framing denoted by Ψ L and the characteristic class of this framing is denoted by ζ L . By a similar construction, the manifold L n−4k is decomposed as the union of the two manifolds over a common boundary, denoted by Λ: The manifold L n−4k is a (Z/2 D 4 )-framed submanifold in R n . Let us describe the reduction of the structure group of this manifold to the corresponding subgroup in Z/2 D 4 . We describe the subgroups
Let a, b, and c be the generators of the group D 4 ⊕Z/2. To define the subgroups I 2,j ⊂ D 4 , j = x, y, z, we describe the transformation of R 4 in the standard base (f 1 , f 2 , f 3 , f 4 ) determined by the generators. Consider the subgroup I 2,x . The generator c x (a generator will be equipped with an index corresponding to the subgroup) defines the transformations of the space by the following formulas:
For the generator a x (of order 4), the transformations are as follows:
The generator b x (of order 2) defines the transformations of the space by the following formula:
By this formula, the subgroup D 4 ⊂ D 4 ⊕ Z/2 is presented by transformations that keep the subspaces (f 1 , f 2 ) and (f 3 , f 4 )). The generator of the cyclic subgroup Z/2 ⊂ D 4 ⊕ Z/2 permutes these planes.
The subgroups I 2,y and I 2,x are conjugated by the automorphism OP : Z/2 D 4 → Z/2 D 4 given in the standard base by the formulas
Therefore, the generator c y ∈ I 2,y is determined by the following transformation:
The generator a y (of order 4) is given by
The generator b y (of order 2) is given by
Let us describe the subgroup I 2,z . In this case, the generator c z defines the transformation of the space by the formula c z (
For the generator a z (of order 4) the transformation is as follows:
The generator b x (of order 2) defines the transformations of the space by the formulas
Obviously, the restriction of the epimorphism ω : Z/2 D 4 → Z/2 to the subgroups I 2,x , I 2,y ⊂ Z/2 D 4 is trivial and the restriction of this homomorphism to the subgroup I 2,z is nontrivial.
The subgroup I 3 ⊂ I 2,x is defined as the subgroup with generators c x , b x , and a 2 x . This is the index-2 subgroup isomorphic to the group Z/2 3 . The image of this subgroup in Z/2 D 4 coincides with the intersection of an arbitrary pair of subgroups I 2,x , I 2,y , and I 2,z . The subgroup I 3 ⊂ I 2,y is generated by We also consider the subgroup I 2,x↓ ⊂ Z/2 D 4 . This subgroup is a quadratic extension of the subgroup I 2,x such that I 2,x = Ker ω| I 2,x↓ ⊂ I 2,x↓ . An explicit definition of this group can be deduced from the geometrical consideration and will not be required.
In the following lemma, we describe the structure group of the framing of the triad (L 
classified by ω is, generally speaking, a nontrivial cover.) Proof. Components of the self-intersection manifold g 1 (N n−2k )\(g 1 (N n−2k )∩U Σ ) (this manifold is formed by double points x ∈ g 1 (N n−2k ), x = U Σ , with inverse imagesx 1 ,x 2 ∈ M n−k ) are classified by the following two types. Type 1. The points κ(x 1 ) and κ(x 2 ) in RP s are ε 2 -closed. Type 2. The distances between the points κ(x 1 ) and κ(x 2 ) in RP s are greater than the diameter ε 2 of the regular approximation. Points of this type belong to the regular neighborhood U ∆ (of radius ε 1 ).
Let us classify components of the triple self-intersection manifold ∆ 3 (f ) of the immersion f . A point x ∈ ∆ 3 (f ) has inverse imagesx 1 ,x 2 , andx 3 in M n−k . The apriority classification of components is as follows.
Type 1. The images κ(x 1 ), κ(x 2 ), and κ(x 3 ) are ε 2 -closed in RP s . Type 2. The images κ(x 1 ) and κ(x 2 ) are ε 2 -closed in RP s and the distance between the images κ(x 3 ) and κ(x 1 ) (or κ(x 2 )) is greater than the diameter ε 2 of the approximation.
Type 3. The pairwise distances between the points κ(x 1 ), κ(x 2 ), and κ(x 3 ) are greater than the diameter ε 2 of the approximation.
By the general-position argument, the component of type 3 does not intersect d(RP s ). Therefore, the immersion f can be deformed by an ε 2 -small regular homotopy inside the ε 3 -regular neighborhood of the regular part of d(RP s ) such that after this regular homotopy, ∆ 3 (f ) is contained in the complement of U reg ∆ . The codimension of the submanifold∆ 2 (d) ⊂ RP s is equal to n − 3k + 1 = q + k + 1 and is greater than dim ∆ 3 (f ) = n − 3k. By similar arguments, the component of triple points of the type 1 is outside U reg ∆ .
Let us classify components of the quadruple self-intersection manifold ∆ 4 (f ) of the immersion f . A point x ∈ ∆ 4 (f ) has inverse imagesx 1 ,x 2 ,x 3 , andx 4 in M n−k . The apriority classification is as follows.
Type 1. The images κ(x 1 ) and κ(x 2 ) are ε 2 -closed in RP s and the pairwise distances between the images κ(x 1 ) (or κ(x 2 )), κ(x 3 ), and κ(x 4 ) are sufficiently large with respect to the diameter ε 2 of the approximation.
Type 2. The two pairs κ(x 1 ), κ(x 2 ) and κ(x 3 ), κ(x 4 ) of images are ε 2 -closed in RP s and the distance between the images κ(x 1 ) (or κ(x 2 )) and κ(x 3 ) (or κ(x 4 )) is sufficiently large with respect to the diameter ε 2 of the approximation. (The described component is the complement of the regular ε 2 -neighborhood of the triple-point manifold of d(RP s ).) Type 3. The images κ(x 1 ), κ(x 2 ), and κ(x 3 ) on RP s are pairwise ε 2 -closed in RP s and the distance between the images κ(x 1 ) (or κ(x 2 ), or κ(x 3 )) and κ(x 4 ) is sufficiently large with respect to the diameter ε 2 of the approximation. The last part of the proof of the Theorem 1. Let us construct a pair of polyhedra
Obviously, dim(P ) < 2k − 1. Take a generic mapping d : RP s → R n . Let us consider the submanifold with boundary (
) be the classifying mapping for the double-point self-intersection manifold of d.
By the standard argument, we can take a mapping d such that the mapping η ∆ reg is a homotopy equivalence of the pairs up to dimension q + 1. After this modification d → d, we define (P, Q) = (∆ reg , ∂∆ reg ) ⊂ R n , and the mapping η ∆ reg is a (q + 1)-homotopy equivalence.
The subpolyhedron Q is equipped with two cohomological classes κ Q,1 , κ Q,2 ∈ H 1 (Q; Z/2). Since Σ is the submanifold in RP s , the restriction of the canonical class κ ∈ H 1 (RP s ; Z/2) on H 1 (Σ; Z/2) is well defined. The inclusion i Q : Q ⊂ U Σ determines the cohomological class (i Q ) * (κ) ∈ H 1 (Q; Z/2). The cohomological class κ Q,1 is defined as the characteristic class of the canonical double-points covering over Σ. The class κ Q,2 is defined by the formula κ Q,2 = (i Q ) * (κ) + κ Q,1 .
The immersed manifold (with boundary) (N
) are in agreement with the two generated cohomological classes ρ 1 and ρ 2 of the I b -framing, respectively.
Let us define the immersion g : N n−2k R n with I b -control over (P, Q). Let us start with the immersion g 2 : N n−2k R n constructed in Lemma 1. By a 2ε 2 -small generic regular deformation, we can deform the immersion g 2 into g 3 such that this deformation pushes the component g 2 
Define the sequence of (Z/2 D 4 )-framed immersions
1 is represented by three copies of the manifoldL n−4k . The second and third copies are obtained from the first copy by a change in the orientation and a change in the structure group of the framing. The manifold (f 1 , f 2 , f 3 , f 4 ) (the planes can be kept fixed or be permuted by means of a transformation).
Denote the generators of Z/2 ⊕ Z/4 by l and r. Describe the transformations of R 4 given by each generator. Consider a new base (e 1 , e 2 , e 3 , e 4 ) given by
The generator r of order 4 is represented by the rotation in the plane (e 2 , e 4 ) by the angle π 2 and the reflection in the plane (e 1 , e 3 ) with respect to the line e 1 + e 3 . The generator l of order 2 is represented by the central symmetry in the plane (e 1 , e 3 ) (or, equivalently, in the plane (f 1 , f 3 ) ).
Obviously, the described representation of I 4 admits the invariant (1, 1, 2)-dimensional subspaces. We denote these subspaces by λ 1 , λ 2 , and τ .
The line subspaces λ 1 and λ 2 are generated by the vectors e 1 + e 3 and e 1 − e 3 , respectively. The subspace τ is generated by the vectors e 2 and e 4 . The generator r acts by the reflection in κ 2 and by the rotation in τ by the angle The following proposition is proved by a straightforward calculation.
Proposition 1. Let (g, Ψ N , η) be a D 4 -framed immersion that is a cyclic immersion. Then the Kervaire invariant included in the diagram (4) can be calculated by the formula
where τ ∈ H 2 (Z/4; Z/2) and ρ ∈ H 1 (Z/4; Z/2) are the generators. (5) is calculated by the formula
where the characteristic classκ a ∈ H 1 (L; Z/2) is induced from the class κ a ∈ H 1 (L; Z/2) by the canonical coverL → L, and the classρ a ∈ H 1 (L; Z/2) is obtained by the transfer of the class ρ ∈ H 1 (L; Z/4). Note thatκ a = τ 1 andρ a = τ 2 , where τ 1 and τ 2 are the two I b -characteristic classes. Therefore, κ aρa = τ 1 τ 2 = w 2 (η), where η is the two-dimensional bundle that determines the D 4 -framing (over the submanifoldL n−4k ⊂ N n−2k , this framing admits the reduction to an I b -framing) of the normal bundle for the immersion g (N n−2k ) . Therefore, the characteristic number given by formula (5) in the case where the (Z/2 D 4 )-framing over L n−4k is reduced to the I 4 -framing, coincides with the characteristic number given by formula (6). Proposition 1 is proved. 
Theorem 2. Let
, there exists a skew-framed immersion that admits a (Z/2 ⊕ Z/4)-structure.
Proof of Theorem 2
Let us state the geometric control principle for I b -controlled immersions. Let us take an
by means of the mapping ∂N
Proposition 2 (geometric control principle for I b -controlled immersions). Let j P : P ⊂ R n be an arbitrary embedding and g 1 : N n−2k → R n be an arbitrary mapping such that the restriction
is an embedding) that corresponds to the immersion
by means of the standard diffeomorphism of regular neighborhoods U i P = U j P of subpolyhedra i(P ) and j(P ). (Since 2 dim(P ) < n − 1, there is only one diffeomorphism of U i P and U j P up to an isotopy.) Then for an arbitrary ε > 0, there exists an immersion g ε : 
The embedding of the corresponding manifold in Z is defined by the Cartesian product of two standard embeddings. The union of submanifolds {X i } is the stratified submanifold (with singularities) X ⊂ Z of dimension n 2 + 127; the codimension of maximal singular strata in X is equal to 64. The covering p X :X → X induced from the covering p Z :Ẑ → Z by the inclusion X ⊂ Z is well defined. The covering spaceX, which is the stratified manifold (with singularities), is decomposed into the union of submanifolds
Each manifoldX i of the family is the 2-sheeted covering space over the manifold X i over the first coordinate. Let us define d 1 (i) = n 2 − 64(i − 1) and d 2 (i) = 64(i + 1) − 1. Then the formula for X i is
In the cohomologies of X, the classes ρ X,1 ∈ H 1 (X; Z/4) and κ X,2 ∈ H 1 (X; Z/2) are well defined. These classes are induced by the generators of the groups H 1 (Z; /Z/4) and H 1 (Z; Z/2). Similarly, the cohomology classes κX ,i ∈ H 1 (X; Z/4), i = 1, 2, are well defined. The cohomological class κX ,1 is induced by the class ρ X,1 ∈ H 1 (X; Z/4) by means of the transfer homomorphism, and κX ,2 = (p X ) * (κ X,2 ).
For an arbitrary j = 0, . . . , The mapping ϕ j : X j → J j is well defined as the Cartesian product of the following two mappings. Over the first coordinate, the mapping is defined as the composition of the standard 2-sheeted covering The family of the mapping ϕ j determines the mapping ϕ :X → J, since the restrictions of the two mappings on the common subspace in the origin coincide.
For n + 2 ≥ 2 15 , the space J is embeddable into the Euclidean n-space by an embedding i J : J ⊂ R n . Each space Y 1 (k), Y 2 (k) in the family is embeddable into the Euclidean (2 8 k − 1 − k)-space. Therefore, for an arbitrary j, the space J j is embeddable into the Euclidean space of dimension 2 8 n+2 128 + 2 − n+2 128 − 2. In particular, if n + 2 ≥ 2 15 , the space J j is embeddable into R n . The image of an arbitrary intersection of two embeddings in the family belongs to the standard coordinate subspace. Therefore, the required embedding i J is defined by the gluing of embeddings in the family.
Describe the mappingĥ :X → R n . We denote by ε the radius of a (stratified) regular neighborhood of the subpolyhedron i J (J) ⊂ R n . Consider small positive ε 1 , ε 1 ε (this constant will be defined below in the proof of Lemma 2) and a generic ε 1 -deformation of the mapping i J • ϕ :X → J ⊂ R n . The result of the deformation is denoted byĥ :X → R n .
Define the positive integer k by the equation n − 4k = 62. In the prescribed regular homotopy class of an
R n , we construct another I b -controlled immersion g : N n−2k R n with the self-intersection-points manifold L n−4k that admits a (Z/2 ⊕ Z/4)-structure.
Let the immersion f be controlled over the embedded subpolyhedron ψ P : P ⊂ R n . Let ψ Q : Q →X be a generic mapping such that κ Q,i = ψ Q • κX ,i , i = 1, 2. By the previous definition, the manifolds N Denote the compositionĥ • λ : N n−2k ext →X → R n by g 1 and the mappingĥ • ψ Q : Q →X → R n by ϕ Q . One can assume that the mapping ϕ Q is an embedding. Moreover, without loss of generality, one can assume that this embedding is extended to a generic embedding ϕ P : P ⊂ R n such that the embedded polyhedron ϕ P : P ⊂ R n is not intersected with g 1 (N n−2k
Denote by U ϕ (P ) a regular neighborhood of the subpolyhedron ϕ P (P ) ⊂ R n (we can assume that the radius of this neighborhood is equal to ε). Since an isotopy in a regular neighborhood U ϕ (P ) is well defined, in particular, this neighborhood is independent of the choice of the regular embedding of P , U ϕ (P ) and U (P ) are diffeomorphic. Consider the mapping ϕ :X → J and the singular set (polyhedron) Σ of this mapping. This is the subpolyhedron
where T :X ( 2) →X (2) is the involution of coordinates in the deleted productX (2) of the spaceX. The subpolyhedron Σ (it is convenient to consider this polyhedron as a manifold with singularities) is naturally decomposed into the union of subpolyhedra Σ(j), j = 0, . . . , n+2 128 . The subpolyhedron Σ(j) is the singular set of the mapping
This subpolyhedron consists of the singular points of the mapping ϕ in the inverse image
Consider the subspace Σ reg ⊂ Σ, consisting of points on strata of length 0 (regular strata) and length 1 (singular strata of codimension 64) after the regular ε 2 -neighborhoods (ε 2 ε 1 ) of the diagonal ∆ diag and the antidiagonal ∆ antidiag of Σ reg will be cut out.
The manifold with singularities Σ reg admits a natural cementification (closure) in the neighborhood of ∆ diag and ∆ antidiag , the result of the cementification being denoted by K.
The resolution mapping RK → K is defined by a similar construction (see [2, Lemma 7] ). The cohomological classes ρ RK,1 ∈ H 1 (RK; Z/4) and κ RK,2 ∈ H 1 (RK; Z/2) are well defined. The cohomological classes κ K,1 ∈ H 1 (RK; Z/2) and κ RK,1 ∈ H 1 (RK; Z/2) are the images of the class κ Σ,1 ∈ H 1 (Σ; Z/2) with respect to the inclusion K ⊂ Σ and the projection RK → Σ. The class classifies the transposition of the two nonordered preimages of a point in the singular set.
Consider the restrictions of the classes κ K,1 , κ RK,1 , and κ Σ,1 on the neighborhood of the diagonal and the antidiagonal. The natural projection ∆ diag →X is well defined. The restriction of the classes ρ 1 and κ 2 on the neighborhoods of the diagonal coincides with the restrictions of the classes ρX ,1 ∈ H 1 (X; Z/4) and κX ,2 ∈ H 1 (X; Z/2) (these classes are extended to the regular neighborhoods of the diagonal).
Recall that the mappingĥ :X → R n is defined as the result of an ε 1 -small regular deformation of the mappingX −→ X h −→ R n . The singular set of the mappingĥ is denoted by Σĥ. This is a 128-dimensional polyhedron, or the manifold with singularities in codimensions 32, 64, 96, and 128. Moreover, the inclusion Σĥ ⊂X (2) is well defined. The image of this inclusion is in the regular ε 1 -small neighborhood of the singular polyhedron Σ ⊂ X (2) .
Denote by Σ reĝ h the part of the singular set after the cutting-out of the regular ε 1 -neighborhood of the points in singular strata of length at least 2 (of codimension 64) and self-intersection points of all singular strata (these strata are also of codimension 64). The boundary ∂Σĥ is a submanifold with singularities inX and, therefore, we can also assume that the boundary ∂Σ Let us prove that the mapping (µ a × κ a ) constructed in Lemma 2 determines a (Z/2 ⊕ Z/4)-structure for the D 4 -framed immersion immersion g. We must prove Eq. (6) .
Recall that the component L 62 int of the self-intersection manifold of the immersion g is a (Z/2 D 4 )-framed manifold with the trivial Kervaire invariant: the corresponding element in the group Imm Z/2 D 4 (62, n − 62) is in the image of the transfer homomorphism. Therefore, to prove that the mapping m a determines a (Z/2 ⊕ Z/4)-structure, it suffices to prove the equation 
whereL → L is the canonical cover over the self-intersection-points manifold andL ⊂ N n−2k ext is the canonical inclusion.
By the Herbert theorem (see [1, 2] for the analogous construction), we can calculate the right-hand side of the equation by the formula ext /∼] ∈ H n−2k (X; Z/2) is integer. Therefore, this cycle is given by the sum of fundamental classes of the product of two odd-dimensional projective spaces, the sum of the dimensions of these spaces being equal to n − 2k.
Consider an arbitrary submanifold S k 1 /i × RP k 2 ⊂ X, k 1 + k 2 = n 2 + 31, k 1 and k 2 are odd. Consider the cover RP k 1 × RP k 2 → S k 1 /i × RP k 2 and the composition RP k 1 × RP k 2 ⊂Xĥ R n after an ε 1 -small generic perturbation. Denote this mapping by s k 1 ,k 2 .
The self-intersection manifold of the generic mapping s k 1 ,k 2 : RP k 1 × RP k 2 → R n is a manifold with boundary denoted by Λ 62 
defined from the relative class above by the transfer homomorphism.
